Abstract. The inverse problem of the Calculus of Variations concerning Lagrangians and Euler-Lagrange equations invariant under a given pseudogroup P of local diffeomorphisms is considered. By an adaptation of ideas of Krupka, a theorem is proved, which implies that the solution to such inverse problem corresponds to the vanishing of a special cohomology group of P-invariant forms on the configuration space. Such cohomology group is often easily computed, as it can be inferred by the given examples.
Introduction
In order to state our results, we need to consider some concepts, of which we are unable to give a unique standard reference. For this reason, we precede the actual description of this paper with a very short review of the well-known concepts of Lagrangian functions, associated actions and Euler-Lagrange equations, which will allow us to present all needed definitions in a direct way.
Let π : E → B be a fibered manifold and assume, for simplicity, that the basis B is endowed with a fixed volume form ω. We call Lagrangian function of order k any smooth real valued function defined on the space J k (E), given by the k-jets of local sections γ : U ⊂ B → E. Given a Lagrangian functions, we call action of L evaluated at a section γ : U ⊂ B → E the integral
where j k γ is the natural map
It is well known that sections γ : U ⊂ B → E, which are defined on domains U with smooth boundary and which represent stationary points for I L in the class of smooth variations vanishing at ∂U, coincide with the sections γ which satisfy the so-called Euler-Lagrange equations of L.
Let us now consider a slightly different presentation of the concepts of "Lagrangian function", "action" and "Euler-Lagrange equations". Let us call Lagrangian density of order k any n-form α on the manifold J k (E) and let us call the functional
1)
action associated with α. In (1.1) we denoted by Γ loc (E) the family of local sections
defined on open subsets U with smooth boundary and by j k γ(U ) α the integral of α over the n-dimensional submanifold j k γ(U). We also call holonomic density any n-form for which the associated action is trivial; we say that two Lagrangian densities are equivalent if they differ by a holonomic density.
Notice that, if denote by π k the natural projection π k : J k (E) → B, any Lagrangian function L : J k (E) → R is naturally associated with a Lagrangian density, namely with the n-form α L def = L·π * k ω. Conversely, it can be checked that any equivalence class of Lagrangian densities includes densities of the form α L def = L · π * k ω, determined by Lagrangians L : J k (E) → R, all of them determining the same action (see Remark 3.7 below). Now, recall that a section γ : U ⊂ B → E is a stationary point for I L in the class of smooth variations vanishing at ∂U, if and only if, for any α in the equivalence class of α L ,
for any smooth mapγ :] − ε, ε[×U → J 0 (M |B), with ] − ε, ε[⊂ R,γ(0, x) = γ(x) and γ(t, * )| ∂U ≡ γ| ∂U for any x ∈ U and t ∈] − ε, ε[. Using Stokes theorem, it can be shown that the above condition is equivalent to requiring that dα(X 1 , . . . , X n , Y ) j k (γ)x = 0 (1.2 ′ )
for any point j k (γ) x ∈ j k γ(U), any choice of vectors fields X i tangent to the submanifold j k γ(U) and any vector field Y defined at the points of j k γ(U) that can be obtained as
(1.3) for some smooth variationγ :] − ε, ε[×U → J 0 (M |B) with the properties described above. For brevity, in the following, we will call holonomic infinitesimal variation any vector field at the points of j k γ(U), which is defined as in (1.3).
These facts motivate the next two definitions. Given an (n + 1)-form β on J k (E), we say that a section γ ∈ Γ loc (E) satisfies conditions of Euler-Lagrange type determined by β if β(X 1 , . . . , X n , Y ) j k (γ)x = 0 (1.4) for any point j k (γ) x ∈ j k γ(U), any holonomic infinitesimal variation Y and any choice of vector fields X i tangent to the submanifold j k γ(U). In case β = dα, conditions (1.4) are called Euler-Lagrange conditions of α. Notice that a section γ satisfies the Euler-Lagrange conditions of α if and only if it satisfies the EulerLagrange conditions of any other equivalent Lagrangian density and hence if and only if it satisfies the Euler-Lagrange equations (in the classical sense) of a Lagrangian function L associated with the equivalence class of α.
These remarks represent the point, which motivates the interest for the cohomology groups we are going to discuss in this paper.
Let us say that a q-form µ on J k (E), with q ≥ n, is holonomic whenever the integral j k γ(U ) µ(X 1 , . . . , X n , Y 1 , . . . , Y q−n ) , vanishes identically for any γ ∈ Γ loc (E), any choice of vector fields X i tangent to j k γ(U) and any other vector field Y i . We say that a q-form µ on J k (E), with q < n, is holonomic whenever the integral j k γ(U ) µ(X 1 , . . . , X q ) , is vanishing for any γ ∈ Γ loc (E) and any choice of vector fields X i tangent to j k γ(U). Notice that, in case µ is a 0-form (i.e. a function), it is holonomic if and only if it is identically vanishing. An equivalent definition of holonomic forms, based only on pointwise conditions, is given in §2.3; by such equivalent conditions it is clear that the holonomic forms coincide with the forms called by Krupka "contact forms" and "forms of order of contact q − n + 1" (see e.g. [Kr] , [Kr3] ).
Let us also say that two q-forms α and α ′ are in the same variational class if there exist two holonomic forms λ and µ such that
It is immediate to check that, if α and α ′ are two Lagrangian densities in the same variational class, then
for any γ ∈ Γ loc (E).
In a similar way, it can be checked that if a local section γ ∈ Γ loc (E) satisfies the Euler-Lagrange type conditions determined by an (n + 1)-form β, then it satisfies also the Euler-Lagrange type conditions given by any other form β ′ in the same variational class. Furthermore, if we consider the jet space J 2k (E) and the pull-back β = π * 2k,k β w.r.t. the natural projection π 2k,k : J 2k (E) → J k (E), then there exists a unique formβ ′ on J 2k (E) which is in the same variational class ofβ and with the following property (see Appendix): in any system of coordinates for J 2k (E) induced by a system of coordinates (x 1 , . . . , x n ) for the base B and a system of coordinates (y 1 , . . . , y m ) for the fiber F of π : E → B (for such system of coordinates, §3 below), β ′ is of the form
In this case, the Euler-Lagrange type conditions (1.4) are equivalent to the system of partial differential equations
The (n + 1)-forms (1.5) are called source forms by Takens ([Ta] , [Ta1] ). We will call the equations (1.4') equations of Euler-Lagrange type or source equations . If β = dα L for some Lagrangian function L, it turns out that the system of equations (1.4') coincide with the classically defined Euler-Lagrange equations of the function L.
Consider now a pseudogroup P of local diffeomorphisms of B "admitting a natural lifted action" on the bundle π : E → B (in §2 we give a precise definition of what we mean by "admitting a natural lifted action"). If this is this case, we have also a natural action of the diffeomorphisms f ∈ P on the set of local section Γ loc (E) and hence an induced action of P on J k (E). For any f ∈ P, let us denote by f (k) the local diffeomorphism on J k (E) determined by the lifted action of f ∈ P on J k (E). We say that a Lagrangian density α of J k (E) is variationally P-invariant if for any
for some holonomic forms λ and µ (equivalently, we may say that f (k) * α and α are in the same variational class). Notice that if L is a Lagrangian function which is associated with the equivalence class of α, then α is variationally P-invariant if and only if, for any f ∈ P,
where L ′ is a Lagrangian function which gives trivial contribution to the action. In other words, we may say that the variationally P-invariant Lagrangian densities are "densities whose associated action is P-invariant".
In a very similar way, it can be checked that, if β is a variationally P-invariant (n + 1)-form, then the class of solutions γ ∈ Γ loc (E) of its Euler-Lagrange type conditions, is P-invariant.
We are interested in the inverse problem of the calculus of variations, namely with the question on how to decide weather a system of equations of Euler-Lagrange type consists of Euler-Lagrange equations of a Lagrangian density α -and hence weather they are equivalent to the Euler-Lagrange equations of some Lagrangian L (see e.g. [An] , [An1] , [Ol] , [Kr] , [Kr3] , [Tu] , [Tu1] , [Tu3] ). The answer to this question can be always obtained using the theorems proved independently by A. M. Vinogradov in [Vi] , [Vi1] and F. Takens in [Ta1] (see also [AD] , [Ha] , [Kr1] and [Kr2] ). They obtained the following two results: 1) any Euler-Lagrange type system of equations is represented by a cohomology class of a suitable chain complex, which vanishes if and only if the equations are the Euler-Lagrange equations of a Lagrangian L; 2) the cohomology groups of such chain complex are isomorphic with the de Rham cohomology groups of the fiber bundle E. A different proof of the same two facts has been given by Krupka in [Kr3] , where the chain complexes considered by Vinogradov and Takens are replaced by a chain complex of variational classes of q-forms as presented above. In our opinion, Krupka's approach has the following two remarkable advantages: i) the chain operator is given by the classical exterior derivative, in contrast with the chain operators of Vinogradov and Takens that require a definitely more involved definition; ii) the elements appearing in the chain complex are equivalence classes of differential forms in a finite dimensional manifold, in contrast with the objects of Vinogradov and Taken's chain complexes, which live on the infinite dimensional manifold J ∞ (E).
In this paper, we want to consider the inverse problem for Lagrangians and EulerLagrange equations, which are variationally P-invariant. More precisely, having in mind Krupka's approach, we want to know how to decide weather the variational class of a P-invariant (n+ 1)-form β contains an (n+ 1)-form β ′ , which is associated with a variationally P-invariant Lagrangian density α. Our first result consist in showing that this occurs if and only if the (n + 1)-form β we consider is already associated with a P-invariant Lagrangian density α.
In fact, here is the statement of our first result. Consider the chain complex
where V q P (J k (E)) denotes the set of all P-invariant variational classes of q-forms on J k (E) and where d :
) is the operator induced by the exterior differentiation of q-forms. Then, let us denote by H q (V * P (J k (E))) the cohomology groups of the cochain complex (1.6) and by H q P (J k (E)) the cohomology groups of the cochain complex, made of the variationally P-invariant forms of
Theorem 1.1. Let P be a pseudogroup of local diffeomorphisms of B and, in case P is not the trivial pseudogroup
The isomorphism between the cohomology groups is given by the map {α} → {[α]}, which associate to any cohomology class {α} of a P-invariant form the cohomology class {[α]} of the corresponding variational class.
Notice that a variational class [β] of a P-invariant (n + 1)-form contains an (n + 1)-form β ′ , associated with a P-invariant Lagrangian density α, if and only if the cohomology class {[β]} of the variational class of [β] is the zero element of H n+1 (V * P (J k (E))). Then Theorem 1.1 claims that the answer to our question is positive if and only if the cohomology class {β} is trivial, i.e. if and only if β itself is associated with a variationally P-invariant Lagrangian density α.
Notice also that Theorem 1.1 implies that two variationally P-invariant Lagrangian densities determine the same Euler-Lagrange equations if and only if their difference is in the vanishing cohomology class of
Finally, observe that the solution of the classical inverse problem is contained in Theorem 1.1 in the case P equal to the trivial pseudogroup. In this case, we have that, in order to answer to the classical inverse problem, one has to study the cohomology group of
which is exactly what is implied by the results of [Vi1] and [Ta1] .
For non-trivial pseudogroups P, a practical way to compute the cohomology groups H q P (J k (E)) is needed. This is contained in our second result.
a) Let E be a trivial bundle π : E = M × B → B and let H q P (E) be the cohomology group of the cochain complex given by the q-forms on E that are P-invariant (for the exact definition of this cohomology groups, see §5 below). Then, for any q ≥ n,
, containing the zero section, and let H q P (B) be the cohomology group of the cochain complex given by the q-forms on B that are P-invariant . Then, for any q ≥ n, H
As an application, we compute explicitly the cohomology groups H q (V * P (J k (E))) in the following cases:
i) E = M ×B and P is the pseudogroup Diff loc (B) of all local diffeomorphisms of B; ii) E = M × B and P is the pseudogroup of all local diffeomorphisms of B preserving a given volume form ω on B; iii) E is a subbundle of a tensor bundle ((
containing the zero section, and P = Diff loc (B); iv) E is a subbundle of a tensor bundle ((
containing the zero section, and P is the pseudogroup of all local diffeomorphisms of B preserving some given volume form ω on B.
Notice that if B is 1-dimensional and we are in the situation of Case ii), then a Lagrangian density α is P-invariant if and only if it is in the same variational class of a form α L = L̟, where L is Lagrangian depending only on M and the k-th velocities of maps γ : B → M , as defined in [Tu2] . It turns out that our cohomology groups H q P (J k (E)) are isomorphic with the cohomology groups computed by Tu lczyew in [Tu2] , as it should be.
We also have to remark that important results on variational principles for Lagrangians and Euler-Lagrange type equations, invariant under pseudogroups of local transformations, where already obtained by I. M. Anderson, J. Pohjanpelto and Fels (see [AP] , [AP1] , [AP2] , [AF] ). In [AP1] , an inverse problem for invariant equations of Euler-Lagrange type, which is similar to ours, is attacked with different methods. On the other hand the pseudogroups P considered in [AP1] are of a different nature from ours and it would be interesting to see if there is a unified approach that can be used to deal with the inverse problem in [AP1] and the one presented in this paper.
The structure of the paper is the following: in §2 and §3, we give some basic definition and we recall some technical properties used in the other sections and in the Appendix; most of the results in these sections can be also found also in [Kr] and [Kr3] ; in §4 a generalized version of Poincarè lemma is proved; in §5 and §6 the main results are proved. In the Appendix, we give proof of the fact that any variational class in J 2k (E) of pull-backs of (n + 1)-forms of a J k (E) contains a source form.
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First notations and preliminaries
2.1. Notations concerning jets spaces. In all the following, B, M and E will be three manifolds of dimension n, m and m + p, respectively, and π : E → B will denote a projection which establishes a structure of fiber bundle with base B and standard fiber F .
The symbols J k (M |B) and J k (E), k ≥ 1, will always denote the space of kjets of local maps γ : B → M and of local sections γ : B → E, respectively (for definition of jets and of spaces of jets, see e.g. [Go] ). The symbols
When we do not need to specify if we are dealing with jets of maps from B to M or with jets of local sections of π : E → B, we will use the symbols
For any smooth local map γ : U ⊂ B → M or local section γ : U ⊂ B → E, we denote by j k (γ) x the k-jet of γ at x; by j k γ we mean the map
we will use the symbols π k ′ ,k to denote the natural projection maps between jets spaces
Moreover, we will often use the simplified symbolsπ and π to denote the projections π k,0 and π k,−1 , respectively.
2.2. Pseudogroups of local transformations and their lifts. Assume now that P is a pseudogroup of local transformations of B. We recall that a pseudogroup of local transformations is a family P of local diffeomorphisms f : U ⊂ B → B satisfying the following properties:
iii) if f ∈ P, then f −1 ∈ P; iv) the identity map Id B belongs to P. In particular, the family Diff loc (B) of all local diffeomorphisms of B is a pseudogroup of local transformations.
In what follows, any pseudogroup of local transformations on B will be shortly called pseudogroup of B.
For any k ≥ −1, an element f ∈ P, defined on U ⊂ B, admits a natural lift to a local diffeomorphism
which is determined by
It can be checked that the family P (k) given by all lifted diffeomorphisms f (k) , f ∈ P, and all their restrictions to open subsets of J k , is a pseudogroup of local transformations of J k (M |B), which we will call lifted pseudogroup of P.
On the other hand, any local diffeomorphism f ∈ Diff loc (B) admits a natural lift on T B, namely the differential map f * : T B → T B. The differential map determines also a natural lift of f on any bundle of tensor spaces ((
, where the typical fiber is given by the tensor space (
For this reason, in case π : E → B is a subbundle of ((
and it is preserved under the lifted maps f * of the elements f a pseudogroup P of B, we may consider the natural lift of f on J k (E), defined by
Also in this case, the family of all lifted diffeomorphisms f (k) , f ∈ P, together with their restrictions on arbitrary open subsets, constitute a pseudogroup of local transformations of J k (E), which we will still denote by P (k) and we will still call lifted pseudogroup of P.
From now on, we will assume that either P is the trivial pseudogroup, given by the identity map Id B and all its restrictions Id B | U to open subsets U, or that P is not trivial and we are dealing with the cartesian product B × M or with a P-
. All our results will be valid for both kind of lifted pseudogroups, on J k (M |B) and on J k (E), respectively, unless explicitly stated.
Proper and holonomic forms on jets spaces.
In all what follows, for any manifold N , we denote by Ω q (N ) and Ω q loc (N ), q ≥ 0, the space of all globally defined and locally defined q-forms on N , respectively.
ii) α is a holonomic q-form if for any local map γ : U ⊂ B → M and any n vector fields X 1 , . . . , X n tangent to the embedded submanifold j k γ(U) ⊂ J k , the following contraction vanish identically on j k γ(U):
Remark 2.2. The holonomic q-forms coincide with the sections of the sheaf Ω q k(c) defined in formulae (1) and (2) of [Kr3] .
the spaces of globally and locally defined q-forms on J k living in J s , respectively.
Action of pseudogroups of
Notice that α is proper (resp. holonomic) if and only if f · α is proper (resp. holonomic).
Consider a pseudogroup P of B. We say that a q-form α ∈ Ω q loc (J k ) is Pinvariant if for any f ∈ P we have that that on the open set U given by the intersection of the sets where α and f · α are defined
( 2.2)
The q-form α is called variationally P-invariant if for any f ∈ P we have that
for some holonomic forms λ and µ.
The set of all variationally P-invariant q-forms of
, while the set of variationally P-invariant locally defined q-forms will be denoted by Ω q P,loc (J s ) (k) . We observe that, by construction,
This fact together with the property that the class of holonomic forms is preserved by the transformations f (k) implies that if a q-form α is variationally P-invariant, then dα is variationally P-invariant and we may consider the complex
Notice that, for any k, k ′ ≥ s, there is a natural isomorphism of moduli over the ring of smooth real valued functions on
, for any j ≥ 0. These isomorphisms commute with the exterior differential d. For these reasons, the cohomology groups of the sequences (2.4) are independent on k ≥ s.
We call (variationally) P-invariant q-th de Rham cohomology group of J s the abelian group
(2.5)
The holonomic distribution and the homogeneous differential forms
Before all further discussion, we have to clarify the concepts of 'holonomic distribution' and of 'homogeneous differential forms' and describe a few of their properties.
Consider two systems of coordinates
defined on two open subsets of B and M , respectively. In case we are dealing with a fiber bundle π : E → B, we will assume that the coordinates ξ are defined on an open set U such that π −1 (U) is trivializable. In this way we may consider a system of coordinates on
For any choice of the coordinates ξ and η or of the coordinatesξ, there is a natural system of coordinates onπ −1 (U × U ′ ) which we denote by
It is determined by the coordinate functions
.
In all what follows, we will use the convention that when J = (0, . . . , 0), we set y i J = y i . In the following, the system of coordinates (3.1) will be called induced by the systems of coordinates ξ = (x 1 , . . . , x n ) and η = (y 1 , . . . , y m ) or, more shortly, "coordinates (3.1)". Definition 3.1. The holonomic distribution of J k is the distribution D given by the family of subspaces D| u ⊂ T u J k , u ∈ J k , defined as follows:
for some X ∈ T π(u) B and where γ :
2) The vectors in D are called holonomic and any vector field with values in D is called holonomic vector field .
Remark 3.2. The holonomic vector fields coincides with the images in J k under the projection π ∞,k : J ∞ → J k of the so-called total vector fields, considered by Takens in [Ta1] . The holonomic distribution is called Cartan distribution in [Ku] .
The notions of holonomic distribution and of holonomic vector fields are in tight relation with the holonomic forms. In fact, there is the following simple lemma, whose proof is left to the reader. Lemma 3.3. A q-form α, with q < n, is holonomic if and only if α(X 1 , . . . , X q ) ≡ 0 for any choice of holonomic vector fields X i . A q-form α, with q ≥ n, is holonomic if and only if α(X 1 , . . . , X n , * , . . . , * ) ≡ 0 for any choice of holomorphic vector fields X i .
Notice that, in a system of coordinates (3.1), the subspace D u ⊂ T u J k at a point u ∈ J k is spanned by the vectors (see e.g. [Ku] , Thm.4.4)
From this, it follows that the subspace in T * u J k spanned by holonomic 1-forms, coincides with the subspace spanned by the 1-forms
The forms (3.4) will be called the special holonomic 1-form associated with the coordinates (3.1). Notice that, since any special holonomic 1-form is proper, any holonomic 1-form is proper.
Let us now consider the concept of 'homogeneous forms'.
is called homogeneous if there exist two integers m and ℓ such that m + ℓ = q and so that α(X 1 , . . . , X m+ℓ ) ≡ 0 if among the vector fields X i there are more then ℓ holonomic vector fields or more then m vertical vector fields (here, by "vertical vector field", we mean that π * (X) ≡ 0). The pair of integers (m, ℓ) is called bi-degree of α.
Remark 3.5. The homogeneous q-forms of bidegree (m, ℓ) with ℓ > 0 are called ℓ-contact forms by Krupka in [Kr] , [Kr3] . They also coincide with elements of the spaces H m ℓ considered by Takens in [Ta1] . A nice expression for proper homogeneous q-forms can be obtained using coordinates. Consider a system of coordinates X ξ,η on an open setπ −1 (U × U ′ ) ⊂ J k as defined in (3.1). Let us also assume the following ordering between multi-indices:
Finally, for any two pairs (j, J) and (j ′ , J ′ ) where j, j ′ = 1, . . . , n and J, J ′ are multi-indices, we say that (j, J) < (j ′ , J ′ ) if and only if J < J ′ or J = J ′ and j < j ′ . Then, a proper q-form α is homogeneous of bi-degree (m, ℓ) if and only if it is of the form
for some smooth functions α
The following three lemmata contains a collection of technical results, which are needed in the sequel and most of which are immediate consequences of results obtained also in [Kr] and [Kr3] .
where each α (q−ℓ,ℓ) is homogeneous of bidegree (q − ℓ, ℓ), is uniquely determined by α ; ii) for any f ∈ P, the decomposition of the q-form f · α is
in particular, if α is P-invariant, then each homogeneous q-form α
is P-invariant.
Proof. By hypothesis, there exists a q-formsα ∈ Ω q (J s ) such that π * k,sα = α. In a system of coordinates (3.1), the following 1-forms constitute a basis for any cotangent space
Hence, at any point u ∈ J k , α| u is a linear combinations of wedge products of the 1-forms
Notice that the wedge products of the 1-forms (3.9) are linear combinations of homogeneous forms which live in J s+1 and no longer in J s : this is because, for example, the holonomic 1-forms
and not in J s . On the other hand, the functions which determine the coefficients of α w.r.t. the wedge products of the forms (3.9) are uniquely determined by the functions which expresŝ α as linear combination of the wedge products of the elements (3.8). In particular, they depend only on the coordinates of J s . This implies the first claim. To see (i), assume that
are two possible decompositions into homogeneous q-forms. Consider q vertical vector fields V 1 , . . . V q . Clearly
By the arbitrariness of the vector fields V j , this implies that α (q,0) = α ′(q,0) and that
After (3.10), an inductive argument brings to conclude that α (q−ℓ,ℓ) = α ′(q−ℓ,ℓ) for any 0 ≤ ℓ ≤ q.
To prove (ii), observe that, from definitions, the vertical distributions of π :
and the holonomic distribution D are all invariant under the action of any f ∈ P on J k . Hence, if β is a proper homogeneous form of bidegree (m, ℓ), then also f · β is a proper form, which is homogeneous of bidegree (m, ℓ). This fact together with (i) implies (3.7).
In the following, for any q-form α ∈ Ω q (J s ) (k) , with s ≤ k − 1, we will write
to indicate the decomposition of α into a sum of homogeneous q-forms α (q−ℓ,ℓ) of bi-degree (q − ℓ, ℓ), 0 ≤ ℓ ≤ q. We also use the symbol {α} (m,ℓ) to denote the homogeneous component α (m,ℓ) which appear in the decomposition (3.11).
, and B admits a volume form ω, the component α (0,n) can be written as
for some smooth function L : J s → R (to check the claim is sufficient to verify it in a system of coordinates (3.1)). From definitions and the next Corollary 3.9, one can check that α and α (0,n) are in the same variational class. This proves that any variational class of Lagrangian densities contains at least an n-form α L = L · π * (ω), associated with a Lagrangian function L. Proof. Consider a system of coordinates (3.1) and assume for the moment that s ≤ k − 2. From (3.5) and the fact that µ lives in J s , with s ≤ k − 2, we have that, in the neighborhood on which such coordinates are defined, dµ can be expressed in the form and
14)
where we used the fact that y i J+ıj +ı ℓ is symmetric w.r.t. j and ℓ. From (3.12), (3.13) and (3.14) it follows immediately that the restriction of dµ on this coordinate neighborhood is a linear combinations of homogeneous forms of bi-degree (m ′ , ℓ ′ ) with m ′ = m or m + 1 and ℓ ′ = ℓ or ℓ + 1. This concludes the proof of the claim on any neighborhood on which a system of coordinates (3.1) can considered and, from this, the lemma follows for the case s ≤ k − 2.
If s = k − 1, consider the formμ = π * k+1,k (µ) which is defined in J k+1 even if it is still living in J s . The previous argument show that dμ = π * k+1,k dµ is sum of homogeneous forms of bidegree (m + 1, ℓ) and (m, ℓ + 1). On the other hand, sincê µ = π * k+1,k−1 (μ) for some formμ of
and all the homogenous components {π * k+1,k dµ} (q−j,j) are actually living in J k , by Lemma 3.6. The homogeneous forms in J k , of which the forms {π * k+1,k dµ} (q−j,j) are the pull-backs, give a decomposition into homogeneous forms for dµ and, by the previous remark, such a decomposition must contain only forms of bidegree (m + 1, ℓ) and (m, ℓ + 1). This concludes the proof also in this case.
The previous two lemmata bring directly to the following useful corollary. In the following, for any α ∈ Ω q (J s ) (k) , with s ≤ k − 1, we call index of non-holonomicity the maximal value for the integer ℓ for which the homogeneous component {α}
is non-trivial.
Corollary 3.9. Let α be a q-form living in J s with s ≤ k − 1 and let r be its index of non-holonomicity. Then: i) α is holonomic if and only if r ≤ min{q − 1, n − 1}; ii) the index of non-holonomicity of dα is less or equal to r + 1; iii) if r ≤ min{q − 1, n − 1} − 1, then both α and dα are holonomic.
We conclude with the following lemma. Proof. The first claim is trivial. To prove the second claim, we first assume that α lives in J s , with s ≤ k − 1 and that it is defined on an open set where coordinates (3.1) are defined. In this case, we may write α as
and dα is can be computed just by looking at the following terms of (3.16)
In order to obtain the above terms, we used the fact that d̟ To prove the claim in the general case, notice that the same proof shows that the form π * k+1,k (α) of Ω ℓ (J k ) (k+1) is vanishing identically. But this implies that α itself is identically vanishing.
P-invariant Lagrangian densities of order s and the associated Lagrange complexes
We need now two definitions, which are the starting point of all our work.
We say that α, α ′ are in the same variational class (and we write α ∼ α ′ ) if they are defined on the same open set U and there exist two holonomic forms λ and µ on U such that
The family of all such q-form will be called variational class of α and it will be denoted by [α] .
Remark 4.2. In the previous definition, the requirement s ≤ k−1 can be removed. It is motivated just by the fact that any form living in J s , with s ≤ k − 1, can be uniquely decomposed into a sum of homogeneous components. By means of this property, checking if two given forms are equivalent when s ≤ k − 1 is technically simpler than when s = k. Since any pseudogroup P on B preserves the family of holonomic forms and of their exterior differentials, if a q-form α is variationally P-invariant then any other element in the variational class [α] is variationally P-invariant. We will call any such class [α] a P-invariant variational class. The sets of P-invariant variational classes in Ω q (J s ) (k) and in Ω q P,loc (J s ) (k) will be denoted by V q s(k),P and V q s(k),P,loc , respectively. Definition 4.4. We call abstract P-invariant Lagrangian density of order s any element in V n s(k),P .
It is immediate to check that the relation
There exists a natural differential operator on the spaces V q s(k),P and V q s(k),P,loc . In fact, it can be easily check that if α, α
(k) and they are both in the same variational class. Therefore, we may consider the map
A similar definition can be used to define the differential operator d :
The cochain complex {V n−1+q 
Recall that in this case, using the coordinates (3.1), the lifted map f (k) has the following representation Using this fact, a very simple computation shows that f (k) commute with the flow (4.5) and hence (4.6) follows in this case.
The same conclusion is obtained in case
In fact, in this case, the lift f (k) has a coordinate representation of the form This implies that for any q-form λ, with q ≥ n + 1,
In fact, for any vector field X,
∞ is a vector field tangent to the n-dimensional submanifold N , corresponding to the manifold π(Ũ) × {0} × · · · × {0} via the coordinate map. Therefore, for any point u and any choice of vector fields X 1 , . . . , X q , we have that This also implies that dλ = 0. For a given u ∈ U, let us consider a neighborhood U ⊂ U, where we have the coordinates (3.1) and we may consider the vector field D. Let us also replace α, λ and µ by their restrictions on the open subsetŨ. Then we may write that
(4.8) where we set
(4.9)
We claim that σ and τ are both holonomic. To prove this, observe that, by Lemma 4.6, for any choice of holonomic vector fields X i and any t, the vector fields
are holonomic as well. Then
because λ and L D µ are both holonomic by construction and Lemma 4.6. This proves that σ is holonomic. A similar argument proves that also τ is holonomic.
These facts show that the q-formα def = α − σ − dτ is in the same variational class of α and it satisfies d(α) = 0 .
Then, recalling that q ≥ n + 1, we may again write that
where
The proof of Theorem 4.3 is concluded if we can show that β is variationally Pinvariant. Consider an element f ∈ P. By (4.13), Lemma 4.6 (b) and the fact that α is variationally P-invariant (and hence f · α = α + λ f + dµ f for some holonomic forms λ f and µ f ) we have the following identities (valid just at the points where all involved objects are defined)
where λ ′ and µ ′ are the holonomic forms
Corollary 4.7. Let λ be a holonomic q-form living in J s , s ≤ k − 1, such that dλ = 0 and defined on an open set U. Then, for any point u ∈ U, there exists a neighborhood U u ⊂ U of u where λ| Uu = dµ, for some holonomic (q − 1)-form µ leaving in J s .
Proof. Using formula (4.12) of the proof of Theorem 4.5, on a neighborhood U ′ where we can consider coordinates (3.1), we may write that
(4.14)
By Corollary 3.9, all non-trivial homogeneous components of λ have bi-degrees (q − ℓ, ℓ) with ℓ < min{q − 1, n − 1}. From this and the remarks before (4.7), we get that
(see (4.7) for the meaning of the symbols X ∞ j ). This fact and the same remarks after (4.11) imply the corollary if we can show that the (q − 1)-form ı D (λ) is holonomic. In case q ≥ n+1, this is clear: in fact, since the non-trivial homogeneous components of λ have bi-degrees (q − ℓ, ℓ) with ℓ < min{q − 1, n − 1} = n − 1, the non-trivial homogeneous components of ı D (λ) have bi-degree (q − ℓ − 1, ℓ), with ℓ < min{q − 2, n − 1} = n − 1.
In case q ≤ n, suppose that ı D (λ) is not holonomic. By Corollary 3.9, this may occur only if the homogeneous component {ı D (λ)} (0,q−1) is non-trivial and hence, by definition of D, only if the homogeneous component λ
(1,q−1) is nontrivial. We claim that this is in contradiction with the hypothesis dλ = 0. In fact, assume for the moment that s ≤ k − 2 and let (i 1 , J 1 ) be the maximal pair which appear as index of a non trivial component λ ...jq−1 is vanishing, from (3.12) and (3.14) and the same arguments used in the proof of Lemma 3.10, we should conclude that λ J1 i1|j1...jq−1 is trivial: contradiction. In case λ lives in J k−1 , we may apply the previous arguments to the form π * k+1,k−1 (λ) on J k+1 and obtain again a contradiction. To conclude the proof, we only need to check that the form
But this follows directly from the explicit expression in coordinates of the flow Φ D t and the fact that λ lives in J s .
Cohomology groups of a P-invariant Lagrange complex
In this section, we want to compute the cohomology groups of the complex (4.2), i.e. the R-moduli
The main result consists in proving that, if k ≥ s + 1, the cohomology groups H n+q (V * s(k),P ) are equal to the P-invariant de Rham cohomology groups defined in (2.5). Namely, Theorem 5.1. For s ≤ k − 1, the map 
Proof. Let us denote by H r,t 
·α is the same of the index of non-holonomicity ofα. Using this simple fact, it is immediate to check that the sheafĤ r,t (s) is fine and hence soft (for general facts on sheaves, we refer to [Br] ).
Moreover, by Corollary 3.9 and Lemma 3.10, the exterior differential d determines a sheaf operator d :Ĥ
for any t ≤ n − 1; the kernel of d in + dH r,t (s) the sheaf given by the germs which are sums of germs inĤ r+1,t+1 (s) and in d Ĥ r,t (s) . From Corollaries 3.9 and 4.7, we have that, when r > 1, the following chain is exact:
and, as we pointed out before, in this sequence all sheaves are fine with the only exception of the last two (in the diagram, the last sheaf is the quotient sheaf of
modulo the image of the sheafĤ
under the sheaf homomorphism d).
When r = 0 we have instead an exact resolution of the constant sheaf R
3) where, again, all sheaves are fine with the only exception of the last two.
By an argument of Krupka (see [Kr3] , Lemma 3) we may claim that d Ĥ r,t by Theorem 4.5 and Corollary 3.9. Therefore, from a classical fact of sheaf theory (see e.g. [Br] , Th. II.9.10) and from the short exact sequence 0 −→ d Ĥ r,t−1
we get that also d Ĥ r,t (s) is soft. The same arguments is valid also when r = 0, provided that one starts the inductive argument by checking that the subsheaf R ⊂Ĥ 0,0 (s) is soft. From the previous argument and another standard result of sheaf theory (see e.g. [Br] , Th. II.9.9), we have the following short exact sequence for any r ≥ 0 and any 0 ≤ t ≤ n − 1
) , ) . From (5.5) we have that λ = dµ ′ , where
). In particular, µ ′ is holonomic.
From this, we conclude that in the variational class [α] , there exists the (n + q)-
It is also clear thatα is variationally P-invariant, since α and the holonomic form µ + µ ′ are variationally P-invariant.
Now, for q ≥ 0, consider the map
defined as follows: for any cohomology class {α} ∈ H 
We finally claim that Ψ is injective. In fact, suppose that α, β are two elements of Ker d| Ω ) . Using again (5.5), we conclude that λ = dµ ′ for some holonomic form µ ′ and that
proving that α and β represent the same cohomology class of H n+q P (J k ).
Actual computations of cohomology groups
It is known that, for any k ≥ 1, the bundle π k,k−1 : J k → J k−1 has a natural structure of affine bundle ( [Go] ). Hence, by an iterated application of the existence theorem of global sections of affine bundles (see e.g. [KN] , Thm. 5.7), we have the following lemma.
Lemma 6.1. Let U ⊂ B be an open subset such that we may consider a system of coordinates (3.1) on 
, we may consider the section Σ : B → J k defined by
and there is smooth homotopy Φ :
For a given closed subset A ⊂ π −1 (U) ⊂ E, if Σ and Φ are as in Lemma 6.1 (ii) or (iii), we will say that Φ is a nice homotopy of J k onto Σ(E) or Σ(B), respectively. The subset A will be called core of the nice deformation and any system of coordinates ξ such that Σ| A has the expression (6.1) will be called adapted to the nice homotopy.
The existence of nice homotopies brings to the following useful fact.
Proposition 6.2. Let Φ be a nice homotopy of J k onto Σ(E) (with E possibly equal to M × B) and let φ Σ be the map
ΣP (E); b) for any q ≥ n, the map φ Σ induces an isomorphism
where we denoted by
Proof. Following the classical arguments on smooth homotopies (see e.g. [Sp] , p. 306), for any t o ∈ [0, 1], let us consider the vector field
Then, for any form α on J k we have that
where ı Φ is the operator
Notice that the map
is an isomorphism of moduli over the ring of the smooth real-valued functions of Σ(E). Moreover, the mapψ| Φ * 1 (Ω q (J k )) has trivial kernel andψ
. From these remarks, it follows that ψ = Σ * •ψ induces an isomorphism between the space of q-forms Ω q (E) and Φ * 1 (Ω q (J k ) and that, for any form
We know that if α is variationally P-invariant, then also dα is variationally Pinvariant. Therefore, by (6.3), the claim (a) follows immediately. To see (b), consider two q-forms α and α ′ in the same cohomology class of
i.e. they are in the same cohomology class of
and hence the cohomology class of α is trivial. This shows thatφ Σ is injective. Being also surjective, this proves (b).
With practically the same proof, we have also the following proposition.
Proposition 6.3. Let E be a subbundle of π : ((⊗ r T ) ⊗ (⊗ r ′ T * ))(B) → B containing the zero section and let Φ be a nice homotopy of
Finally, let us denote by
From Lemma 6.1 and Proposition 6.2, we immediately get the following Corollary, which is equivalent to the results in [Ta1] and [Vi1] . 
6.1. The case of trivial bundles π : B × M → B. In this case,
In any system of coordinates (3.1), the trivial section Σ o has the expression Σ o (x 1 , . . . , x n ; y 1 , . . . , y m ) = (x 1 , . . . , x n ; y 1 , . . . , y m ; 0, . . . , 0) ; (6.4) This means that any closed subset A ⊂ B × M , included in an open sets in which the coordinates (3.1) are defined, can be used as core of a nice deformation onto
With the help of the trivial section, the isomorphism given in Proposition 6.2 reduce all computations to the analysis of very simple cohomology groups.
Lemma 6.5. There exists a nice homotopy
In particular, it follows that, for any q ≥ n,
Proof. Notice that J k can be covered by systems of coordinates of the form (3.1), in which any change of coordinates for M and for B are independent one from the other, i.e.
This implies that any vector fieldD
defined on a neighborhood on which the coordinates (3.1) are defined, coincide with the analogous vector field defined on any other overlapping system of coordinates (3.1). This means thatD can be uniquely extended to a vector field defined on the whole J k . Notice also that the flow ΦD s is so that Φ t def = ΦD tan tπ/2 is a nice homotopy onto Σ o (M × B). Now, consider the map φ Σ o given in Proposition 6.2. It can be checked that, for
Moreover, notice that all forms such that Φ * 1 (α) = 0 are holonomic and that, since f • π k,0 = π k,0 • f for any f ∈ P, we have
These two facts shows that Ω q Σ o P (B × M ) coincides with the family of q-forms on B × M such that π * k,0 (f · α) − α is equal to λ + dµ, where λ and µ are two holonomic forms of J k . This means that Ω
With the help of the previous lemma, we may easily compute the cohomology groups in two important cases. In the following statement, for a given volume form ω on B, we denote by Diff ω,loc (B) the pseudogroup of all local diffeomorphisms which preserve ω.
Proof. a) Consider an open set U × U ′ ⊂ B × M where there exists a system of coordinates ξ : U ⊂ B → R n and a system of coordinates η :
In the coordinates (ξ, η) = (x 1 , . . . , x n , y 1 , . . . , y m ) on U × U ′ , any q-form can be uniquely written as a sum α = q−ℓ,ℓ α (q−ℓ,ℓ) , where α (q−ℓ,ℓ) is
Then, for any diffeomorphism f ∈ P, f · α = q−ℓ,ℓ f · α q−ℓ,ℓ and hence, it simple to check that α is P-invariant if and only if α (q−ℓ,ℓ) = 0 for all ℓ > 0 and the coefficients of α (q,0) are independent on the coordinates of B. This implies that all elements in Ω q P (J 0 ) are identifiable with corresponding elements of Ω q (M ). The claim follows immediately. b) Using the same notation of of before, it can be checked that if P = Diff ω,loc (B), a q-form is P-invariant if and only if: i) α (q−ℓ,ℓ) = 0 for all 0 < ℓ < n; ii) α (q,0) has coefficients which are independent on the coordinates of B; iii) α (q,n) is of the form α (q,n) = ω ∧α (q−n,0) , whereα (q−n,0) is a (q − n)-form as in (6.5), with coefficients which are independent on the coordinates of B. This implies that all elements in Ω Proposition 6.7. If P = Diff loc (B), then H q (V * P (J k )) = 0, for any q ≥ n. If P = Diff ω,loc (B) for some volume form ω on B, then H n (V * P (J k )) = R and H q (V * P (J k )) = 0 for any q > n.
Appendix A.
As quoted in the Introduction, in this appendix, we prove the fact that any variational class of an (n + 1)-form β, living in a jet space of sufficiently small order, contains a source form. This fact implies that the local solutions of the Euler-Lagrange conditions determined by differential dα of an n-form α coincide with solutions of the classical Euler-Lagrange equations of a Lagrangian function associated with α.
Definition A.1. Given a jet space J k , with k ≥ 1, we call j-vertical distribution of J k the family of subspaces of J V u ⊂ J k that are spanned by the vectors v such that π k,0 * (v) = 0. A vector field V taking values in the j-vertical distribution will be called j-vertical .
A form β ∈ Ω n+1 (J k ) is called a source form if it is homogeneous of bi-degree (1, n) and β u (V, X 1 , . . . , X n ) = 0 at any u ∈ J k for any choice of holonomic vector fields X i and of a j-vertical vector field V .
Using a system of coordinates (3.1), we see that a form β is a source form if and only if it can be expressed as
if λ ′ and µ ′ are such thatβ| U − λ ′ | U − dµ ′ | U is a source form, then µ| U = µ ′ | U and λ| U = λ ′ | U . This fact implies that, in order to prove the existence part of the claim, we need just to show that, for any open set U, on which we may consider the coordinates (3.1), there exists two holonomic forms λ (U ) and µ (U ) defined on U such thatβ| U − λ (U ) − dµ (U ) is a source form.
with |J| ≤ k − 1. By repeating the same argument for other (k − 1) times, we determine two holonomic forms λ (k) and µ (k) such thatβ − λ (k) − dµ (k) is a form which lives in J 2k and, at any point, which is linear combination of homogenous forms ̟ i 0 ∧ dx 1 ∧ · · · ∧ dx n . By (A.1), this means thatβ is a source form.
From the previous definition, the definition of source form and from (1.2'), we immediately get the following result, which is the proof of (1.5). where F ℓ are the components of the source formβ:
Definition A.4. Let α be a Lagrangian density on J k . We call Euler-Lagrange form of α the source formβ in J 2k which is variationally equivalent to the (n + 1)-form π * 2k,k (dα). The equations (A.5), determined byβ in a given system of coordinates ξ of type (3.1), will be called the Euler-Lagrange equations determined by α in the coordinates ξ. 
